Heisenberg's position-measurement ± momentum-disturbance relation is derivable from the uncertainty relation r (q) r ( p) > a/2 only for the case when the particle is initially in a momentum eigenstate. Here I derive a new measurement ± disturbance relation which applies when the particle is prepared in a twin-slit superposition and the measurement can determine at which slit the particle is present. The relation is d3 Dp > 2a/p, where d is the slit separation and Dp = DM ( Pf , Pi ) is the Monge distance between the initial P i ( p) and final P f ( p) momentum distributions.
INTRODUCTION
There is a fundamental ambiguity in Heisenberg's uncertainty relation which dates back to its birth in the famous 1927 paper.
( 1 ) Here Heisenberg introduced the relation in the context of a position measurement by a c-ray microscope, as ( in my notation)
where e q is``the precision with which the value q is known ( say the mean error of q)'' and dp is``the discontinuous change of p in the Compton effect.'' By``mean error'' Heisenberg evidently meant root-mean-square error, or its equivalent, and I will follow this use. The relation ( 1) we may call the Heisenberg measurement± disturbance relation. As Heisenberg says,`T he instant the position is determined . . . the electron undergoes a discontinuous change in momentum. This change is the greater the . . . more exact the determination of the position.'' The roles of p and q in this description are clearly not symmetric. But in the same work Heisenberg talks about the uncertainty relation as referring to``simultaneous determination of two canonically conjugate quantities,'' which is a different statement. Not long after Heisenberg, Weyl ( 3 ) put this latter statement on a rigorous footing as
Here r ( q), r ( p) are the simultaneous values of the standard deviations of q, p. Following modern use, I will call this an uncertainty relation. What link is there between the uncertainty relation ( 2) and Heisenberg's measurement ± disturbance relation ( 1)? It seems fairest to let Heisenberg speak for himself. In his most complete description of his position, contained in his 1930 book, ( 4 ) he first gives a derivation of the relation ( 2). This derivation, using only``the mathematical scheme of quantum theory and its physical interpretation'' says nothing about momentum transfer or position measurement. It is only in the next section,``Illustrations of the Uncertainty Relations,'' that he introduces these ideas, and does so very carefully:
The uncertainty principle refers to the degree of indeterminacy in the possible present knowledge of the simultaneous values of various quantities with which quantum theory deals; it does not restrict, for example, the exactness of a position measurement alone or a velocity measurement alone. Thus suppose that the velocity of a free electron is known, while the position is completely unknown. Then the principle states that any subsequent observation of the position will alter the momentum by an unknown and indeterminable amount such that after carrying out the the experiment our knowledge of the electronic motion is restricted by the uncertainty relation.
As Heisenberg appeared to be well aware, this is the only statement about momentum disturbance and position measurement error which one can make as a logical consequence of the uncertainty relation ( 2). The standard deviations r ( p) and r ( q) refer to the state of the particle after the measurement. It is only because the particle state prior to the measurement was a momentum eigenstate ( having zero dispersion in momentum) that one can equate r ( p) with dp, the mean momentum disturbance. Likewise it is only because the particle prior to the measurement had a completely undefined position that one can equate r ( q) with the mean error e q of the position measurement. To see this latter point, consider the case where the particle is not in a momentum eigenstate, but instead localized at two narrow slits of width a, separated by a distance d. Then a position measurement with an error of order d will resolve the two slits, and the particle will become localized at one of them. The resulting final standard deviation in the position r ( q)~a is not related to the error of the measurement~d.
